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u/ry?}. More complicated relations may be obtained for
three-dimensional flow.

Solutions obtained using Egs. (5-7) may be matched to the
law of the wall or a viscous correction may be invented to
modify Eq. (5). One way is to multiply the right hand side of
Eq.(5) by (gt/»)? [(gf/v)? +282] ! and add » to v, in Eq.
(6). This is a completely empirical prescription, of course, but
data is reproduced quite well in the viscous sublayer as well as
in the outer flow region.
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Finite Element Approach to the
Viscous Incompressible Flow
around a Circular Cylinder

Ciro W. Lucchi*
Dornier GmBH, Friedrichshafen, West Germany

Introduction

HE steady flow of a viscous incompressible fluid around

a circular cylinder is examined for Reynolds numbers up
to approximately 40. Thus it is a thoroughly laminar flow,
having a bubble of recirculation behind the cylinder for
Reynolds numbers higher than about 7. Cases at Reynolds
numbers above 40 are usually not computed using the steady
equations because unsteady vortex shedding starts to develop.
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Numerical results for the steady flow—apparently almost
every new method or variant thereof is tested against this
problem; two reasons are prominent for this fact: a wealth of
data exists from both numerical and experimental in-
vestigations; and the problem, by no means simple, is still of
such dimensions that a good accuracy can be achieved. The
investigators used at first two methods: the finite difference
method! and the method of truncated series.?? A third
method has come into prominence, the finite element method,
and it was also applied to the solution of this problem.*®
Unfortunately, however, its applications to fluid dynamics
were often an extension of its development in solid mechanics
and available resuits show only crude solutions, thus shedding
little or no light at all on its comparison with respect to other
methods.

Within the spectrum of all the work done till now, other
aspects vary too. As for example the form in which the
Navier-Stokes equations were solved. Some are typical of the
two-dimensional flow solutions: having as variables the
streamfunction and the vorticity or the streamfunction alone.
Other forms use the physical variables. Another point of
importance is whether the equations are solved in the physical
plane orin a transformed plane.

A last characteristic for the fast convergence of results is the
representation of the far field. The usual techniques involve
either a transformation bringing infinity to a finite distance or
imposing the uniform flow at a finite distance or matching on
the boundary the numerical solution with an asymptotic
solution.

Experimental results—reliable results are available for this
range of Reynolds number.” The drag coefficient was
measured and the flow patterns were photographed. A more
detailed description of the present work may be found in
Ref. 8.

The Method

Equation—because of the hypotheses that characterize the
flow, the Navier-Stokes equations are reduced to the con-
tinuity and two momentum equations:

(hj=12)
pu,-a,-uj= —6jp+/.L8,6,~uj

Since p is considered constant, cross-differentiating and
substracting the momentum equations and defining the
streamfunction ¢ from the continuity equation will yield a
biharmonic-type of equation:

1
R—evwwxvzwy—wyvzwx:o m

where Re is the Reynolds number (based on the diameter of
the cylinder) and the subscripts indicate differentiation. No
transformation of the physical space is performed.

Galerkin method—assuming for the streamfunction a trial
function of the form ¥’ =vy;N,;(x,y) where the ¢, are the
generalized variables and the N, the shape functions, this
procedure® together with the use of Green’s theorem yields
the following set of nonlinear algebraic equations:

1
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Fig.2 Drag coefficient vs Reynolds number.

where w is the vorticity, C is the contour and the subscripts x,
y, 5, and n indicate differentiation with respect to those
variables.

Boundary conditions—the only flow treated within the
present work is the symmetric unbounded flow around a
circular cylinder. Thus three types of boundary conditions
exist: the no-slip condition on the cylinder, the line of sym-
metry and the outer boundary. The numerical solution in the
inner domain is matched on the outer boundary with the
Oseen asymptotic solution valid in the outer domain. °

Drag coefficient—it is obtained by a momentum balance
using a line contour around the body.

Finite element—the surface integrals of Eq. (2) involve
first-and second-order derivatives of the streamfunction.
Compatibility criteria'!> would require continuity of first
derivatives across the elements’ interfaces. It was however
shown that convergence and good accuracy can be achieved
by an element that provides function conformity but no slope
conformity.'® Dealing with a similar equation as treated in
Ref. 13 and because of its simplicity (as compared with
elements that satisfy slope conformity) and its good
characteristics, the BCIZ element was chosen for this ap-
proach.

Nonlinear algebraic equations—they are solved by the
Newton iterative technique, each step being solved by direct
elimination.

Results

The investigation has been restricted to the flow around a
circular cylinder in an unbounded region at Reynolds
numbers 1, 5, 10, 15, 20, and 40. Extensive studies in the case
of Reynolds number 10 were first carried out and the domain
of computation thus obtained (Fig. 1) was then used in the
other cases.

Considering that only 188 variables were used in the present
work, the results for the drag coefficient compare well with
other numerical methods (that use from 600 to 6000 variables)
and with the experiment (Fig. 2). ’

In the case of low Reynolds numbers (1 and, in less
measure, 5) the perturbations generated by the solid body
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propagate upstream and sidewise to larger distances than at
large Reynolds numbers, thus requiring larger dimensions in
those directions than the domain of computation provides. At
high Reynolds numbers the opposite situation appears: the
upstream and sidewise perturbations decay quite fast; the
wake however becomes rather long and, for an accurate
representation, the downstream dimension should be in-
creased. Figure 3 finally presents the vorticity distribution
around the cylinder. Comparison with Ref. 3 has to be
careful; while in Ref. 3 the vorticity is a variable, in the
present work it has to be obtained by a double differentiation
of the streamfunction. Thus the vorticity is linear over the
elements and discontinuous across the interfaces. Fur-
thermore, while in Ref. 3 thirty points are placed around the
half cylinder, only ten elements cover the same arc in the
present computation.

Conclusions

Although the results cannot be said to be very accurate, the
method has been shown to yield reasonably good results
within the contraints of poor meshes. Reasons for this are the
following: the BCIZ element is well adapted to the given
equation; an asymptotic solution represents the far field
instead of the uniform flow condition; and the mesh was
optimized.

The choice of the biharmonic-type of equation led to a
solution method having distinct advantages: a similar
equation has been well investigated in the problem of plate
bending; only one variable is involved; and streamlines are a
natural outcome of this approach.

The main disadvantage was the rather complex form of the
contour integrals generated by the use of Green’s theorem to
transform the integrand in the Galerkin technique (it must be
borne in mind that contour integrals may arise whenever the
Galerkin technique is used).

The present work thus pointed out once more the excellence
of the BCIZ element and the application of the finite element
method to this flow problem. Furthermore it showed that
simpler approaches are necessary to make this method
practical in fluid dynamics problems. ‘
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Boundary-Layer Effects on Pressure
Variations in Recovery Tube

A. V. Murthy*
National Aeronautical Laboratory, Bangalore, India

OR generating high Reynolds number transonic flows, the

application of the Ludwieg tube principle has been
considered to be an attractive proposition because of its
simplicity and also its high flow quality. To improve the
efficiency of operation of the basic Ludwieg tube, the ad-
dition of a long tube called the recovery tube has been
suggested.! While the calculation procedure for the ideal flow
quantities in the recovery tube is simple, deviations from these
calculations can be expected because of the real gas effects.
The purpose of this paper is to present an analysis to calculate
the departure from the ideal flow behavior due to the tur-
bulent boundary-layer growth on the tube wall. The analysis,
based on the solution of one-dimensional unsteady flow
equations with distributed mass sources, predicts that, at the
tube entry, the pressure increases with time due to boundary-
layer growth. This can cause early termination of the uniform
test section flow by unchoking of the throat. The agreement
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with the limited available data on pressure measurements?
indicates that the analysis can be used with confidence to
obtain preliminary estimates of the boundary-layer effects in
the recovery tube for larger tunnels like that proposed for the
European Transonic Ludwieg Tube Tunnel. !

Analysis

The flow into the recovery tube is idealized by inflow
through a choke into a long tube closed at one end (Fig. 1a).
The pressure inside the tube is kept below the ambient
pressure by a diaphragm attached to the nozzle end. The
rupture of the diaphragm initiates the propagation of a shock
wave and a following contact surface into the tube. In this
analysis, it is assumed that the nozzle throat is choked and the
deceleration of the flow to subsonic Mach numbers in the tube
(region 3) occurs through a stationary shock located in the
diffuser section. This phenomenon is similar to that hap-
pening in the recovery tube of transonic tunnel.! Across the
contact surface, the pressure and the velocity are continuous
but the temperature has a jump since region 2 ahead of it
contains the gas processed by the shock wave. The boundary-
layer growth in the tube is considered in two parts. Firstly, the
unsteady boundary layer in region 2 induced by the passage of
the shock wave. Secondly, for region 3 between the tube entry
and the contact surface, a steady flat plate type boundary
layer starting from the entry section of the tube from the
instant the constact surface has passed is assumed. The
downstream edge of this boundary layer is assumed to move
along with the contact surface and at any station in between,
the boundary-layer growth is considered time independent.
For region (2) induced by the shock wave, the unsteady -
boundary-layer growth is calculated by considering the
equivalent steady-state problem with shock-fixed coor-
dinates.?

For calculating the perturbation in the flow quantities, the
boundary-layer growth is assumed to act as distributed mass
sources the strength of which is dependent on the vertical
velocities induced at the outer edge of the boundary layer. For
the one-dimensional flow in a tube of uniform cross section
with distributed mass sources, the solution of the governing
differential equations can be written as*
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Fig. 1 Flow in recovery tube with boundary-layer development and
x— ¢t diagram.



